Quantum field theory is completely characterized by the field correlations between spacetime points. In turn, some of these can be accessed by locally coupling to the field simple quantum systems, a.k.a. particle detectors. In this work, we consider what happens when a quantumcontrolled superposition of detectors at different space-time points is used to probe the correlations of the field. We show that, due to quantum interference effects, two detectors can gain information on field correlations which would not be otherwise accessible. This has relevant consequences for information theoretic quantities, like entanglement and mutual information harvested from the field. In particular, the quantum control allows for extraction of entanglement in scenarios where this is otherwise provably impossible.
Quantum field theory is completely characterized by the field correlations between spacetime points. In turn, some of these can be accessed by locally coupling to the field simple quantum systems, a.k.a. particle detectors. In this work, we consider what happens when a quantumcontrolled superposition of detectors at different space-time points is used to probe the correlations of the field. We show that, due to quantum interference effects, two detectors can gain information on field correlations which would not be otherwise accessible. This has relevant consequences for information theoretic quantities, like entanglement and mutual information harvested from the field. In particular, the quantum control allows for extraction of entanglement in scenarios where this is otherwise provably impossible.
Introduction-The relationship between effects and causes is foundational to our everyday experience and is rooted in the basic laws of physics as we presently understand them. Both in classical and quantum physics, events happen in a fixed causal order.
One of the more intriguing proposals put forward in recent years, is that quantum physics may admit nonclassical causal structures where the order of events is indefinite [1] [2] [3] [4] . Apart from advantages afforded in computation [5, 6] and communication [7] [8] [9] [10] [11] , the incorporation of this idea into the foundations of physics may provide new insights toward realizing a quantum theory of gravity [1, 12, 13] . This idea has become known as "Indefinite Causal Order", or ICO.
Recently a scenario featuring an indefinite causal order of events has been experimentally realized in the form of a quantum switch [14] [15] [16] . In this setting the order in which two quantum operations A and B are performed on some target is coherently controlled by a quantum system, placing the order of operations in temporal superposition [17] . An ordinary quantum circuit using the same number of operations cannot reproduce the effects of the quantum switch [2, 5] .
Little is known about how ICO affects quantum entanglement, particularly entanglement of quantum fields. The vacuum state of a free quantum field has long been known to contain correlations between timelike and spacelike separated regions [18, 19] , and it is of foundational interest to understand how such correlations are affected by ICO. Vacuum correlations are at the core of the black hole information paradox [20, 21] and its pro-posed solutions [22] [23] [24] , and play a key role in quantum energy teleportation [25, 26] .
Furthermore, this vacuum entanglement can be extracted from the field by swapping it with (originally separable) detectors. This procedure is called Entanglement Harvesting [27] [28] [29] [30] , and is most easily analysed by considering the detectors to be 2-level systems (qubits) each with a ground and excited state. These objects are called Unruh-de Witt (UDW) detectors.
In relativistic physics, the causal order between events is constrained by the light cones at each space-time point. In the case in which we probe the field via UDW detectors, their interaction with the field constitutes an event. Traditionally, UDW detectors are assumed to probe the quantum field at fixed space-time points, so that all events happen in a definite causal order. Our ability to, e.g., harvest entanglement from the vacuum is constrained by this fact.
In this letter, we consider what happens when a quantum-controlled superposition of two UDW detectors is used to probe the correlations of a scalar field vacuum. Specifically, a single qubit controls the temporal switching of both detectors, which are assumed to follow inertial trajectories. We identify two main cases of interest for a quantum control: space-like regions in superposition of different times, and time-like regions in superposition of different causal orders (ICO). We find in both cases that, thanks to quantum interference effects, the two detectors can gain information about field correlations that is impossible to access with only a single use of each detector in the standard scheme with no coherent control. This is shown to have relevant consequences for information theoretic quantities, like entanglement and mutual information harvested by the detectors from the field.
Quantum Control of two UDW Detectors.-The Hamiltonian of an UDW detector coupled to a real scalar field -a simplified version of the electric dipole light-matter interaction -is given in full generality by
where Ω D is the energy-gap of the detector, λ D its coupling constant, S(x) is a smearing function that models the spatial extent of the detector, and χ D (t) is a window function that determines the spacetime activation regions, i.e. when the detector is on or off [56] . The σ ± are the ladder operators of the two-level UDW detector and φ is the scalar field. Here and in the following we consider stationary detectors, so that x D (t) = x D = const.
We consider a composite system formed by two pointlike UDW detectors, locally coupled to a real scalar field, whose Hamiltonian is
where i = 0, 1 is determined by the computational basis states {|0 , |1 } of a control qubit (system C henceforward) that governs the window functions of the detectors A and B. Placing the initial state of the qubit in a coherent superposition of the computational basis states will thus give rise to a superposition of different switching times of the two detectors. We shall focus on two scenarios, depicted in Fig. 1 , which allow us to probe two distinct physical situations. Without loss of generality in all cases considered we assume a fixed but arbitrary foliation of flat spacetime into space-like slices (hypersurfaces), each associated with a different time coordinate. Furthermore, in all scenarios each detector is switched on exactly once. In the first scenario (i) detectors A and B are switched on jointly on a common space-like slice, but in a quantum-controlled superposition of two slices associated with different times. We call this scenario a past-future (PF) superposition. The terms 'past' and 'future' refer to the relation between the superposed switching times. This case allows us to probe how entanglement between space-like regions of the field is affected by quantum delocalisation of these regions in time. In the second scenario (ii) detector A is switched on on the past slice and B on the future slice, in superposition with A and B interchanged. We call this scenario a cause-effect (CE) superposition, since for time-like separation between the involved regions the relation between A and B is causally indefinite -we have a superposition of A in the past causal cone of B and vice versa. Importantly, even for space-like separation between A and B the CE scenario is not equivalent to the PF scenario, which justifies making a general distinction between (i) and (ii) -see Supplementary Materials for further discussion. We begin by determining the density matrix of the tripartite system ABC by tracing out the field degree of freedom. The evolution of the entire system is described by a unitary map that can be expanded in a Dyson series to second order in the coupling constant as U = I+U (1) + U (2) + O(λ 3 ). More explicitly,
where O(λ 2 ) terms include terms λ 2 A , λ 2 B , and λ A λ B . While here we employ a perturbative approach, it should be noted that some of the results in the following can be reached also with non-perturbative methods (cf. Supplementary Materials).
The initial state of ABC and the field is chosen to be
i.e., both detectors are in their ground states, the control qubit is in a coherent superposition of computational basis states, where |± = (|0 ± |1 )/ √ 2, and the field is in the vacuum state. This choice of initial state greatly simplifies the computations, without concealing the physics of the problem, and it is instrumental to the study of the entanglement harvesting.
The state after a time τ such that max[Supp(χ D i (t))] < τ ∀i = {0, 1}, D = {A, B}, is given by
By tracing out the field, the reduced density matrix for the qubits ABC -to second order in the coupling constants -can be obtained as
whose different elements are explicitly given in the Supplementary Materials. The terms P D,ij contain two-point function field correlations between the same spacetime point/region (corresponding to the position and time at which detector D is active) if i = j; and two-point correlations between past and future activation regions of the same detector if i = j. The terms P D,ii are referred to as local terms since they involve the "self" correlations between the local spacetime-region of activation of a single detector, whereas the terms P D,i =j , though referring to a single detector, are non-local since they contain correlations between different spacetime regions.The terms Y ii are similar in nature to the terms P D,ii and are related to
The term M quantifies the non-local field correlations between different detectors and is responsible for the harvested entanglement from the field to the detectors. The terms L AB are the leading order contributions to classical correlations between the detectors [31] and are the only terms that contribute to the mutual information between them.
The state of the control qubit (C) governs the choice of scenario. Consider first scenario (i) illustrated in the left panel in Fig. 1 . We see that Supp(χ A,i ) = Supp(χ B,i ) for i = 0, 1. Contrast this with the right panel of Fig. 1 depicting scenario (ii), where now Supp(χ A,i ) = Supp(χ B,j ) for i = j. We eliminate the control qubit by either tracing it out or measuring it in the basis {|+ , |− }. Our notation applies to both scenario by just a different labelling of the window functions.
Tracing out the control qubit yields
where
The results is a classical (probabilistic) mixture of two detectors active only once, either spacelike related (i), or timelike related (ii), since the reduced state in Eq. (7) is the mixture (with equal weights) of the classical case in which both detectors are active only once. This should have been expected. Indeed, borrowing some intuition from the process matrix formalism [4] , the situation is similar to the quantum switch in which an indefinite causal order is present only if the control qubit is allowed to quantum interfere [3, [14] [15] [16] . Tracing out the control qubit corresponds to losing the coherence of the superposition, effectively yielding 'which-when' information about detector activation and thus remaining with a classical mixture. Conversely, measuring the control qubit in the {|+ , |− } basis and retaining, e.g., the |+ results, allows the control qubit to interfere, yielding
where now
We see that, while the M terms are the same whether we trace out the control qubit or let it interfere, the other terms in the density matrix differ in the two cases. In particular, in ρ (+)
AB there appear terms P D,i =j and L AB,01(10) that contain two-point correlation functions of the field between two different spacetime regions in which the same detector or both the detectors are activated in superposition. These quantum interference terms are signatory of the coherence of the superposition. It should be noted that, without the controlled superposition the field correlations contained in the interference terms would not be accessible with a single use of each detector. By placing the detectors in quantum temporal superposition, we read out correlations between space time regions which can be accessed in the standard schemes with no superposition only if the detectors are used more than once (in more than one space-time region). This is our primary result: quantum controlled temporal superpositions allow UDW detectors to access field correlations between spacetime regions pertaining to the two different branches in a quantum superposition. As we show in the following, this has relevant consequences for information-theoretic quantities, such as the extractable entanglement from the quantum vacuum.
Entanglement Harvesting -Let us now look at instances in which the additional correlations in (11), stemming from the quantum interference, have relevant effects.
We consider the process of entanglement harvesting from the quantum field vacuum, which is well-understood in flat spacetime [30, 32] . Entanglement harvesting has attracted much interest for its foundational and applicative relevance [30, [32] [33] [34] [35] [36] [37] [38] [39] , with possible implications for the black hole information paradox and quantum gravity [31, [40] [41] [42] [43] [44] [45] [46] .
Entanglement can be harvested from the quantum vacuum, in general, even for detectors that are spacelike separated [47, 48] . However, the procedure is subject to some strict limitations [49] [50] [51] . In particular, a no-go theorem has been proven [49, 50] that states UDW detectors with Dirac-delta window functions, but arbitrary spatial profile and coupling strength, cannot harvest entanglement.
Remarkably this no-go theorem is violated for quantum controlled temporal superposition of UDW detectors. To prove this statement, we use as an entanglement measure the concurrence which, for identical detectors, is given by [52] C (+/tr) = 2 max 0, |M| − P (+/tr) AB (14) in terms of the reduced density matrix elements in in general, and so C (+) does not always vanish. We illustrate this in Fig. 2 , where we see that violations of the nogo theorem can be proven both perturbatively (left, using a compact spatial profile for each detector) and nonperturbatively (centre and right, using Gaussian spatial profiles). These violations are due to the quantum interference terms that contain the field correlations between the past and future activation regions of each detector. These correlations have the effect of lowering what can be interpreted as the detector excitation probability (the P terms) with respect to a classical mixture (7) . This in turn means that local noise effects are reduced by the quantum interference terms in such a way that entanglement harvesting is not precluded.
Another instance in which effects of quantum controlled superposition are manifest is in entanglement harvesting with pointlike detectors. In this case, in order to avoid divergences, the window function needs to be something other than a delta-function [41] . In Fig. 3 , we employ a compact support window function, chosen to be cos(2t/η) for −π/4 ≤ t/η ≤ π/4 and 0 otherwise, η being the "width" of such function. We see that the quantum controlled superposition allows for spacelike entanglement harvesting whereas a classical mixture does not. Moreover, it is clear that whenever the two detectors are time-like related, ICO enhances the entanglement harvesting. This is a striking demonstration of how quantum temporal interference effects can affect the ability of UDW detectors to harvest entanglement.
Discussion -Indefinite casual order, or more generally, a quantum controlled superposition of detector activation times, affect the harvesting capabilities of UDW detectors locally coupled to quantum fields. This happens under a variety of scenarios, producing the striking result that spacelike entanglement harvesting becomes possible in situations not possible for classical mixtures.
While we have focused on entanglement harvesting as a relevant example, it should be noted that the quantum interference terms affect also the total amount of correlations that the detectors can harvest. This is quantified by their mutual information (cf. Supplementary Materials) in which it appears the term L (+) AB , that encodes field correlations between activation regions of the two detectors which are not directly probed, but do not play any role in the entanglement harvesting.
It is crucial to note that, the same field correlations entering Eq. (12) would also be present if both detectors were active at two distinct times (and in the same spacetime regions as for the quantum superposition case), a scenario we call 'double switching'. In fact, for double switching violations of the no-go theorem are trivially possible, since the theorem requires each detector being active only once [51] . However, the reduced state of AB would differ from ρ (+) AB . Perturbatively, the difference would be in the M terms, meaning that the entanglement harvesting would be significantly different (while the mutual information would be the same). Quantum temporal superposition is therefore neatly distinguishable from the case in which each detector is twice activated, allowing for a clear signature of quantumness and a way to unambiguously state that the detectors in the superposition are activated only once.
In light of this discussion, our results imply that UDW detectors with compact spacetime support qualify as good candidates for local laboratories in the process matrices framework [4] . In this respect, it would be interesting to analyse coherent superpositions of detectors from the point of view of the process matrices formalism as a first step toward generalizing the formalism from quantum mechanics to quantum field theory.
Finally, while correlations harvesting serves as just an instance of a more general framework, it well exemplifies the potential of probing a quantum field -and thus spacetime itself [53] , to some extent -with quantum coherent superpositions of locally coupled detectors. This opens up to the possibility to use coherent superpositions of detectors as efficient probes of quantum fields.
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Supplemental Materials: Quantum Temporal Superposition: the case of QFT
In this Supplementary Material we derive the explicit expressions for the density matrices Eqs. (6) . We further specify these expressions to the case of δ-window function with arbitrary spatial profile, i.e., the case of interest for the violations of the no-go theorem as reported in the main text. Moreover, we report also the reduced density matrix for the case of detectors each active two times.
DETAILED DERIVATION OF THE DENSITY MATRICES IN EQS. (6)
We start from the initial state of ABC and field that we chose as
i.e., both detectors in the ground state, field in its vacuum state, and the control qubit in the |+ state. The state of ABC at the final time is obtained by tracing out the field degree of freedom. For this we expand the time evolution operator to second order in the coupling constant(s)
The final state is given by ρ f = U ρ 0 U † and taking the trace over the field yields (6)
where the various elements are
where D = A, B for each of detectors A and B, and
and in all calculations we shall set λ A = λ B . Finally from the expressions above, it is easy to show that Y ii + Y * ii = −(P A,ii + P B,ii ).
Entanglement measures: Entanglement of Formation and Concurrence
One entanglement measure of a bipartite quantum state ρ AB is the entanglement of formation. It has the operational interpretation as the number of Bell pairs required to prepare the state ρ AB using local operations and classical communication [S54]. For two qubit detectors, it is given by the the equation [S52] x) and C(ρ AB ) is the concurrence, which itself is an entanglement monotone, defined as
where the w i 's are the square roots of the eigenvalues of ρ AB (σ y ⊗ σ y )ρ AB (σ y ⊗ σ y ) ordered from largest to smallest[S52]. For a density matrix of the form
and for Eqs. (7) and Eqs. (11), the concurrence is .
(S12)
Mutual Information
The total amount of correlations between two systems is encoded by the mutual information, which for bipartite quantum system is given by the relative entropy between the state of the system and the tensor product of the reduced states of the subsystems,
(S13)
In the case of interest, the mutual information between the two UDW detectors is given perturbatively by
It is interesting to note that, the expression for the mutual information of AB for the case in which the control qubit is allowed to interfere, involves the term L (+) AB that encodes field correlations between activation regions of the two detectors not directly probed. Moreover, such terms do not play any role in the entanglement harvesting.
δ-WINDOW FUNCTIONS AND VIOLATIONS OF THE NO-GO THEOREM
The δ-window function given by
allows us to calculate the final form of the detector-control system without the need of a perturbative expansion by following the method of [S50]. Time ordering requires that the switching order between detectors on both branches of the superposition be fixed for the calculation, so we must consider the PF case separate from the CE case. First, we consider the PF case under the assumption that T A,0 ≤ T B,0 ≤ T A,1 ≤ T B,1 . The time evolution operator can be simplified to
and
Next, we consider the CE scenario. The time evolution operator is constructed in a similar way to the PF case, this time using the assumption that T A,0 ≤ T B,1 ≤ T A,1 ≤ T B,0 . The resulting detector-control density matrix for is
The labels D, E, F, G depend on the values of i and j and are summarised in Eq. (S27) below.
Once the control qubit is measured (or traced out), the density matrices given in Eqs. (S26) and Eqs. (S21) will take the form of Eq. (S10) and are then used to compute the entanglement between detectors A and B shown in the centre and right figures of Fig. 2 .
Perturbative expressions
While the non-perturbative method discussed above is valid in general, the final expressions are quite cumbersome and the numerical analysis with spatial profiles other than Gaussian functions proves to be hard.
In order to obtain expressions more amenable to a numerical analysis, and be able to investigate the case in which the two detectors have compact spatial supports, we resort here to a perturbative calculation. It should be noted that, the case of compact spatial support is particularly relevant since only in this case we can, strictly speaking, consider spacelike separated detectors.
The expressions in this section, when not otherwise stated, are valid for δ-window functions detectors with arbitrary spatial profile in n + 1 dimensions. We consider always identical detectors with window function χ D,i (t) = δ(t − T D,i ) and spatially separated by a distance s in their mutual rest frame. In particular, we consider the case of scenario (i) with T B,0(1) = T A,0(1) + δ and T D,1 − T D,0 = T > 0 for D = A, B, (cf. Fig.S1 and the spacetime configuration in the lower-right corner of the left figure in Fig.2 ).
In this case, the relevant terms to consider for the violation of the no-go theorem are
These are the terms that enter in the expression for the concurrence of the state of AB (Eq. (14)) and thus they characterize the entanglement harvesting at the perturbative level. 
THE DOUBLE-SWITCH SCENARIO
In this section we consider the case in which each detector is active two-times and no quantum control is present. The interaction Hamiltonian is given by
where the window functions is a combination of the window functions used in the main text in the quantum superposition case. Once the field is traced out, the density matrix of AB at the final time is given by 
We see that (i) the density matrix contains the field correlations between all the four spacetime regions in which the detectors are active, analogously to the case in which the control qubit is measured in |+ . However, in this case this is due to the fact that the detectors are actually active twice each, in contrast to the quantum case in which each detector (in a quantum superposition) is used only once. (ii) The (1, 4), (4, 1) terms of the density matrix are different from the corresponding ones in Eq. (11) . Thus, the double-switch scenario is distinguishable from the quantum coherent one already at the perturbative level. If a particular case of superposition is chosen (say PF), then it can be shown that if the (1, 4), (4, 1) terms in the quantum case are equal to 2(M 00 +M 11 ) in the double-switch scenario, then the remaining cross terms, 2(M 01 +M 10 ), will be equal to the (1, 4), (4, 1) terms in the other case of superposition (in this case CE) with the same time delay. indicating that the double-switch scenario can be decomposed into the two quantum cases we considered.
INEQUIVALENCE BETWEEN SCENARIO I AND II
One might think that scenario (ii) when A and B are space-like separated is equivalent to scenario (i), where A and B are switched on simultaneously -since for space-like separated regions one can find coordinates in which the switching is simultaneous. Despite this fact, there is no equivalence between these scenarios: in (i) the switching is simultaneous in each superposed amplitude (albeit at different times) whereas choosing coordinates in scenario (ii) so that A and B are simultaneous for one amplitude will result in A being before or after B in the other amplitude, illustrated in the Supplementary Figure S2 , left panel. In other words, A, B are simultaneous in superposition with A earlier than B (or B earlier than A). An analogous difference arises if we try to change coordinates in scenario (i) so as to map it to scenario (ii). Using coordinates in which A from one amplitude is simultaneous with B from the other amplitude -as it is in case (ii) -actually yields a different scenario: where in each amplitude A is switched on before B (or B before A -depending which amplitude is chosen to define simultaneity) -see also Supplementary Figure S2 , right panel. In other words, we end up with A before B in superposition with A before B but both switched on some time later (or B before A in each superposed amplitude). Recall, however that in scenario (ii) we have a superposition of A switched on before B and B before A. Thus, even in case of space-like separation between the relevant regions, the two scenarios (i) and (ii) are not equivalent -there is no single coordinate transformation that allows one to map them onto each other. Left panel: when trying to map scenario (ii) to (i) we can make make A and B simultaneous only in one of the superposed amplitudes -rather than in each of them, as required in scenario (i). Right panel: when trying to map scenario (i) to (ii) we can make make A from one amplitude simultaneous B from the other amplitude, but we do not end up with a superposition of A earlier than B and B than A -in each amplitude A will be switched on earlier than B (or in each amplitude B will be earlier than A). In both panels, x coordinates (black solid lines) make past A and past B simultaneous and future A and future B simultaneous, the x coordinates (grey dashed lines) make past A simultaneous with future B and the x coordinates (red dotted lines) make future A simultaneous with past B.
